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Abstract

This paper presents a method for analysing nonlinear vibrations of spur gears in presence of manufacturing errors. The

approach is based upon the classical one-degree-of-freedom model, with backlash and time varying stiffness.

Manufacturing errors are treated stochastically, starting from the knowledge of the gear tolerance class. A random

profile error distribution is given for each tooth; then teeth errors are combined in order to span all possible reciprocal

teeth contacts. The result is an analytical forcing, in terms of transmission error, which includes statistically the effect of

local errors. Finally, a full dynamic analysis is carried out in the case of perfect and imperfect gears, in order to show the

effect of profile errors and their variance on the gear vibration.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Gear noise and vibration were intensively studied in the past; recently, the interest grew because of stronger
restrictions of standards regarding the noise level and the increase of international competition.

The transmission error due to teeth deformations is one of the most important sources of vibration and
noise in gears; it excites all gearbox components and the vibration propagates along shafts to the external
housing. Since the beginning of the previous century, the concept of transmission error was used to describe
the displacement-type vibration excitation [1–3]. Mark [4] described the basic theory to provide an analytical
expression of the static transmission error, which was considered the main parameter to control the dynamics
of gears; it generates a continuous variation of the teeth deflection and an angular transmission error during
gears rotation.

Many experiments were carried out in the last 20 years to investigate the correlation between transmission
error and gear noise. The strong interaction between noise and static transmission error has been clearly
proved [5]; several experiments on gear systems showed that different nonlinear phenomena appear due to the
transmission error [6]: multiple coexisting stable motions, sub- and super-harmonic resonances, fold
bifurcations, long period sub-harmonic and chaotic motions. Even though there is a general agreement about
the nature of the phenomenon, the current understanding of gear vibration remains incomplete.
ee front matter r 2007 Elsevier Ltd. All rights reserved.
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An interesting literature overview can be found in Ref. [7], where the mathematical models used in gear
dynamics were classified by considering: the evaluation of the dynamic factor, tooth compliance, gear
dynamics, geared rotor dynamics, and torsion vibration.

Important papers were published by Hsu and Cheng [8] and Benton and Seireg [9] who focused their
attention to the steady-state response of spur gear systems, in order to detect the effect of parametric
excitations on resonances and instabilities.

Many authors proposed different models to study the dynamic effect of clearance in gears. Wang [10,11]
defined a backlash function as the angular distance between reverse tooth flanks, while the forward
active tooth flank remains in contact; since the backlash depends on the gear angular position, it was
considered a time varying function. In the nonlinear model developed by Cai [12] the dynamic loads are
forced to zero when tooth pairs are not in contact. Kahraman and Singh [13] considered the effect of
backlash and time varying mesh stiffness using the harmonic balance method. Amabili and Rivola [14]
obtained a continuous closed form solution for any rotational speed and computed transition curves,
stable and unstable regions, by means of the Hill infinite determinant. Many authors [13–18] considered
a nonlinear displacement function f(t) to describe the change of stiffness, which is related to the loosing
of contact. Tomlinson and Lam [19] showed an application of this technique to an asymmetrical
clearance element. Theodossiades and Natsiavas [20] predicted chaotic behaviour: intermittent chaos and
boundary crises. Ozguven [21] extended the nonlinear spur gear model considering both shaft and bearing
dynamics.

All previous papers agree in considering the following sources of gear vibrations: gear mesh transmission
error, impulsive or cyclic drive torque and fluctuations in the output torque demand.

Many authors indicated manufacturing errors as further source of vibration. The first attempt to consider
geometrical imperfections was made by Walker [3], who focused his attention to intentional profile
modifications, designed to compensate teeth deflections. In 1969, Munro [22] described how geometrical
imperfections could significantly alter load and motion transmission. Umezawa et al. [23,24] investigated the
influence of the pressure angle, the normal pitch and the waved profile errors on gears vibration. A similar
work was proposed by Velex and Maatar [25], they verified the influence of shape deviation and mounting
errors on spur or helical gear vibrations. A transfer function approach was proposed in Ref. [26]; this model is
able to separate the effects of gear tooth errors and design parameters, it gives a detailed description about the
influence of error classes on the static transmission error spectrum.

Refs. [13,27–29] confirmed the importance of considering manufacturing errors in gear dynamics; the
possibility of predicting gear quality by means of vibration analysis was shown in Ref. [27].

The analysis of the literature shows that, even though vibrations of gear pairs have been intensively
investigated, as well as the effect of manufacturing errors, a systematic and stochastic approach has not yet
been developed. Indeed, the nature of errors is not deterministic and gears having the same tolerance could
undergo to different types of error excitation.

In the present paper, manufacturing errors are stochastically included in the classical one-degree-of-
freedom model with backlash and time varying stiffness. The model includes also deterministic profile
modifications such as tip and root relief, which are considered in a finite element analysis that evaluates teeth
flexibility.

Manufacturing errors are simulated by generating a random distribution of profile error within the
K-chart of the gear; this process is repeated for each tooth of the gear pair. In this way each tooth has
different errors, even though the tolerance is the same. Then, all combinations of teeth contacts, giving
rise to a specific transmission error, are evaluated and one obtains the global error law in the form of
Fourier series.

Finally, an actual test case is considered and a full dynamic analysis is carried out both on perfect and
imperfect gear pairs.

2. Equation of motion

The theoretical model considers the spur gear pair as a single-degree-of-freedom lumped system. Each gear
is represented by a rigid disk coupled along the line of action through a time varying mesh stiffness k(t) and a
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Fig. 1. The spur gear model.

Fig. 2. Manufacturing errors: lack of material along the line of action.
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constant mesh damping c (see Fig. 1). The dynamics is governed by the following equation [13]:

me €xðtÞ þ cð _xðtÞ � _eðtÞÞ þ kðtÞf ðxðtÞ � eðtÞÞ ¼ TgðtÞ, (1)

where me is the equivalent mass:

me ¼
1

ðd2
g1=4Ig1Þ þ ðd

2
g2=4Ig2Þ

n o , (2)

Tg is the equivalent applied load:

TgðtÞ ¼ me

dg1Tg1ðtÞ

2Ig1
þ

dg2Tg2ðtÞ

2Ig2

� �
, (3)

x(t) is the dynamic transmission error (also called DTE) along the line of action:

xðtÞ ¼
dg1

2
yg1ðtÞ �

dg2

2
yg2ðtÞ, (4)

f ðtÞ ¼ f dg1=2yg1ðtÞ � dg2=2yg2ðtÞ � eðtÞ
� �

is the backlash function that simulates clearances; the actual
transmission error is x(t)�e(t); yg1 and yg2 are driver (pinion) and driven (gear) wheel positions; Tg1(t) and
Tg2(t) are the driver and breaking torques; Tg2ðtÞ ¼ Tg1dg2=dg1; Tg is constant; dg1 and dg2 are the base gear
diameters; Ig1 and Ig2 are rotary inertia; e(t) represents the manufacturing error; when e(t) is positive a lack of
material is considered (see Fig. 2).
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The gear mesh has a constant clearance equal to 2b along the line of action; the displacement function, that
affects the restoring force, has the following expression:

f xðtÞ � eðtÞð Þ ¼

xðtÞ � eðtÞ � b; xðtÞ � eðtÞXb;

0; xðtÞ � eðtÞ
�� ��pb;

xðtÞ � eðtÞ þ b; xðtÞ � eðtÞp� b:

8><
>: (5)

Using Eq. (5) in Eq. (1), a second-order piecewise linear time varying differential equation is obtained.
Some authors (see e.g. Ref. [30]) suggested the use of smoothing techniques to apply standard numerical

approaches in integrating equation (1). In the present work, the following smoothing function is considered:

f ðtÞ ffi 1
2

xðtÞ � eðtÞ � bð Þ 1þ tanh a xðtÞ � eðtÞ � bð Þð Þ½ �
� �
þ 1

2
xðtÞ � eðtÞ þ bð Þ 1þ tanh �a xðtÞ � eðtÞ þ bð Þð Þ½ �

� �
, ð6Þ

where a ¼ 108 is used for computations.
A 2D finite elements approach is applied to calculate the mesh stiffness; the software Calyxs is used to

perform the analysis: such software uses a combined surface integral method and a finite element solution [31],
which does not require mesh refinement close to the contact region.

If all teeth are perfect, the static transmission error, due to teeth flexibility, is periodic; its fundamental
frequency is the mesh frequency. The stiffness k(y) is obtained on static basis as follows:

kðyÞ ¼
4Tg1

d2
g1dðyÞ

, (7)

where y is the reference position of the pinion and d(y) is the rigid body rotation of the pinion due to teeth
flexibility.

The stiffness k(y) is sampled within a mesh cycle; moreover, since the stiffness is periodic with the mesh
frequency, its analytical formulation can be obtained by means of a Fourier expansion:

kðtÞ ¼ k0 þ
XN

i¼1

ki cosðiomt� jiÞ, (8)

where om ¼ og1Z1 ¼ og2Z2 is the mesh angular frequency, Z1 and Z2 are pinion and gear number of teeth;
og1 and og2 are the average rotational speeds of pinion and gear; amplitudes ki and phases ji are obtained
using the Discrete Fourier Transform (DFT) from a certain number n of stiffness samples within a mesh cycle.

In the following, the normalized amplitude x/(2b) will be considered.
3. Composite profile errors

All processes used to manufacture gears suffer of a certain amount of deviation from the theoretical gear
profile. In the present section, an iterative routine is described to create a random profile within the specified
tolerance. Indeed, the actual profile error is generally measured using sophisticated and expensive
experimental rigs; therefore, few data are available.

In simulating profile errors, it is important to define the profile tolerance (also referred to involute
tolerance), which is the admissible amount of profile deviation from the theoretical profile. Since the profile
geometry can be modified using tip or/and root relief, a particular chart, called K-chart is commonly used to
specify the tolerance along the tooth profile, projected on the line of action. An example of K-chart, with both
tip and root parabolic relief, is shown in Fig. 3. The chart provides the tolerance for each single profile
segment vs. a coordinate (roll angle or diameter) along the tooth profile. Three segments are visible: the ‘‘tip
relief segment’’ starting at the start-tip-roll-angle jt,s with tolerance Dt, the ‘‘root relief segment’’ lying between
the start-root-roll-angle jr,s and the end-root-roll-angle jr,e with tolerance Dr and the ‘‘involute segment’’ with
tolerance Di.
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Fig. 3. Example of ‘‘K’’ chart.

Fig. 4. Simulation of manufacturing errors according to ‘‘K’’ chart: (—) random data, ( � � � � ) analytical expansion.
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The quality inspection accepts a gear when the measured tooth profile lies between the lower and the upper
allowance curves. Note that, at least one measured point must lie on the lower allowance curve to avoid the
superposition of spacing errors.
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The manufacturing quality can be simulated, according to the K-chart, in case of both linear or parabolic
profile modification, by generating a random profile, which fits the K-chart. Fig. 4 shows an example of
randomly generated profile, in the case of a linear tip and root relief. The present approach does not include
further restriction on the profile curvature.

The deviation from the actual involute profile is provided with respect to the normalized roll angle
jn ¼ 360ðj=jpÞ, where f is the actual roll angle and fp is the difference between the roll angle at the lowest
and the highest points of contact along the tooth profile [32]. A positive value of deviation means lack of
material.

The same approach is repeated to generate random profiles for all pinion and gear teeth. Once profile errors
are randomly generated, an analytical formulation of the shape of each tooth profile error is expanded in
Fourier series; it allows to evaluate the composite profile error, during a mesh cycle, as a sum of profile
deviations of teeth in contact, according to the transmission ratio. This approach is repeated Z1�Z2 times in
order to perform a complete fundamental rotation. The fundamental rotation allows two teeth in contact to
return in the same relative position; this is the most general case, i.e. when Z1 or Z2 are prime numbers. During
Table 1

Complete geometrical data, profile modifications and tolerances (courtesy of CNH-Case New Holland)

Data Pinion Gear

Number of teeth 28 43

Module (mm) 3 3

Pressure angle (1) 20 20

Base radius (mm) 39.47 60.61

Theoretical pitch radius (mm) 42.00 64.50

Thickness on theoretical pitch circle (mm) 6.12 6.71

Addendum modification (mm) 1.93 2.75

Face width (mm) 20.00 20.00

Hob tip radius (mm) 0.90 0.90

Outer diameter (mm) 93.10 139.70

Root diameter (mm) 79.10 126.20

Inner diameter (mm) 40.00 40.00

Mass (kg) 0.72 1.98

Inertia (kgm2) 0.0008 0.0048

Young’s modulus (MPa) 206,000 206,000

Poisson’s coefficient 0.3 0.3

Center distance (mm) 111.00

Backlash (mm) 0.346

Backlash (2b) on line of action (mm) 0.312

Backside stiffness phase (rad) 1.5942

Transmission ratio 0.65

Contact ratio 1.29

Involute tolerance (mm) 0.008 0.008

Tip relief

Type of modification Linear Linear

Roll angle at start of relief (1) 30.157 29.213

Magnitude of relief (mm) 0.016 0.018

Tolerance (mm) 0.020 0.020

Root relief

Type of modification Linear Linear

Roll angle at start of relief (1) 23.471 25.208

Roll angle at end of relief (1) 14.433 20.576

Magnitude of relief (mm) 0.016 0.018

Tolerance (mm) 0.020 0.020

Crowning

Magnitude (mm) None None
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Fig. 5. Spectrum of the combined profile error.
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such rotation, all possible relative teeth contact combinations take place, then the process is repeated
periodically; therefore, the composite profile error is approximated again by means of a Fourier series:

eðtÞ ¼
X

j

Ej cosðj ~omt� gjÞ, (9)

where: ~om ¼ om=ðZ1Z2Þ and Ej and gj are amplitudes and phases evaluated through the DFT.
The previous methodology is tested by means of the K-chart parameters described in Table 1; Fig. 4 shows a

simulation of the manufacturing error for the first tooth of the pinion and the gear. Twenty measurements are
simulated, the black line represents a possible machine measurement process. Using a Fourier expansion, ten
points are used to calculate the combined profile deviation (dotted line in Fig. 4). Note that the extension of
the dotted line, with respect to the roll angle, does not always coincide with the extension of the solid line; this
is due to two reasons:
1.
 the start active profile radius can be different from the radius of the first contact point on the tooth profile;

2.
 the combined error for a single pair of teeth in contact is calculated in a mesh cycle; therefore, the last point

considered is the highest one of single tooth contact.

Once the combined profile error is calculated for Z1�Z2 mesh cycles, the DFT algorithm provides the value
of coefficients and phases for Eq. (9).

Fig. 5 shows an example of the composite profile error spectrum; all frequencies are normalized according
to the mesh frequency om. The effect of the profile error is an excitation having the most of energy localized at
om and its multiples; therefore, only such harmonics are considered. It is to note that the result of the
generation process is a periodic function with pseudo-random amplitudes and phases.

It is worthwhile to stress that only manufacturing errors are included in e(t); conversely, design
(deterministic) profile modifications (root and tip relief) are modelled in the FEM analysis.
4. Validation

In this section, the procedure is validated by means of comparisons with the literature. Indeed, Eq. (1) has
been deeply investigated and tested; however, it is well known that the evaluation of k(t) is crucial and requires
an accurate modelling of the wheel elasticity. The purpose of the present section is to show that the procedure
followed to obtain Eq. (1) and its parameters is accurate.

Kahraman and Blankenship [6] presented several experiments on a gear pair with clearance, parametric and
external forcing excitation. One of the tests were concerned with a spur gear set described in Table 2, with
z ¼ 0.01 and Tg1 ¼ 340Nm.

Eq. (1) is numerically analysed using an adaptive step-size Gear integration algorithm that is suitable for
stiff problems [33]. The present model gives: on ¼ 1.98� 104 rad/s; using 15 positions in a mesh cycle, the peak
to peak of the mesh stiffness is 6.24� 107N/m and the peak to peak of the static transmission error is 5.35 mm.
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Table 2

Geometrical data of Ref. [6] spur gear set (courtesy of Prof. Kahraman)

Pinion Gear

Number of teeth 50 50

Module (mm) 3 3

Pressure angle (1) 20 20

Base diameter (mm) 140.95 140.95

Tooth thickness at pitch diameter (mm) 4.64 4.64

Outer diameter (mm) 156.00 156.00

Root diameter (mm) 140.68 140.68

Face width (mm) 20.00 20.00

Mass (kg) 2.52 2.52

Inertia (kgm2) 0.0074 0.0074

Young’s modulus (MPa) 206,000 206,000

Poisson’s coefficient 0.3 0.3

Center distance (mm) 150.00

Backlash (mm) 0.145

Backlash (2b) on line of action (mm) 0.136

Backside stiffness phase (rad) 1.5949

Transmission ratio 1

Contact ratio 1.7547

Profile modifications None

Fig. 6. Comparison between numerical simulation and experimental data: (J) Numerical simulation; (*) experimental data from Ref. [6].
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The FEM simulation does not consider manufacturing errors e(t) ¼ 0 and the stiffness function is
approximated with 6 harmonics.

Fig. 6 shows the amplitude/frequency diagram for the present model and experimental results [6]: a good
agreement is found.

5. Numerical results

In this section a case study is analysed in order to understand the effect of gear parameters on the dynamic
behaviour.

Table 1 shows the geometrical and physical parameters of a spur gear pair; tip and root relief are given
according to CNH s.p.a. standards. The nominal load of such gear pair is Tg1 ¼ 470Nm.
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If tip and root relief are not considered (no profile modifications), the peak to peak of the mesh stiffness is
1.04� 108N/m, the peak to peak of the static transmission error is 11.65 mm and the natural frequency
is on ¼ 3.16� 104 rad/s. In presence of profile modifications, (Table 1), the peak to peak of the mesh stiffness
is 3.12� 107N/m; the peak to peak of the static transmission error is 5.1 mm; the natural frequency is
on ¼ 2.87� 104 rad/s. Therefore, profile modifications reduce the peak to peak of both mesh stiffness and
static transmission error (about 56%); moreover, the natural frequency of the system drops down (�9%). In
this case, profile modifications do not change the main dynamic behaviour except for a general decrease of the
vibration amplitude, because the setting of such profile modifications does not consider vibration aspects.

In the following, simulations are carried with z ¼ 0.01.
5.1. Effect of manufacturing errors

In the gear pair described in Table 1, manufacturing errors can be modelled using the procedure outlined in
Section 3 and tolerance data of Table 1, see also Fig. 4. The DFT of the combined profile error is expanded
using four harmonics (see Fig. 5 and Table 3).

Fig. 7 shows that manufacturing errors do not change the qualitative dynamic behaviour, but induce a
considerable vibration amplitude increase at all frequencies. This behaviour is more evident at low speeds,
where contact loss can also occur. In Fig. 7 the thick line represents the dynamics of the gear pair with tip and
root relief, without manufacturing errors; the thin line represents the same case with manufacturing errors
obtained from the stochastic approach outlined in Section 3 (Table 1).
Table 3

Components of the stochastically simulated manufacturing profile error; gear data in Table 1

om/on Normalized manufacturing error components Phase (rad)

1 E1 6.88� 10�2 g1 9.35� 10�1

2 E2 1.87� 10�2 g2 1.99

3 E3 1.75� 10�2 g3 2.52

4 E4 1.60� 10�2 g4 2.88

Fig. 7. Comparison of amplitude–frequency diagrams: no manufacturing errors (thick line); with manufacturing errors (thin line); gear

data in Table 1.
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Table 4

Components of the stochastically simulated manufacturing profile error; gear data in Table 1

om/on Normalized manufacturing error components Phase (rad)

1 E1 6.73� 10�2 g1 9.60� 10�1

2 E2 1.68� 10�2 g2 2.01

3 E3 1.68� 10�2 g3 2.01

4 E4 1.38� 10�2 g4 2.97

Fig. 8. Comparison of bifurcation diagrams: (a) forward with no manufacturing errors; (b) forward with manufacturing errors;

(c) backward with no manufacturing errors; and (d) backward with manufacturing errors; gear data in Tables 1 and 3.
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A further analysis has been carried out considering several set of simulated manufacturing errors with the
same tolerance class (Table 1); indeed, the stochastic process does not lead to a unique set of profile errors.
Ten simulations are performed, the average of the composite profile error rms is 0.018mm with a variance
equal to 1.44� 10�8mm. Dynamic analyses, carried out on such cases, have been post-processed considering
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the dynamic scenario, see e.g. Fig. 7; the maximum amplitude of oscillation, over the entire excitation
spectrum, has been considered; the average of maxima is 1.45� 2b and the maximum of maxima is 1.71� 2b.
This shows the importance of a statistical approach; indeed, even though the variance of profile errors is small,
the effect on the dynamics is not negligible; therefore, a single analysis could underestimate the effect of
manufacturing errors.

5.2. Chaotic behaviour

Simulations are now performed at very low torque, Tg1 ¼ 100 Nm, the natural frequency is
on ¼ 2.52� 104 rad/s, the peak to peak of the mesh stiffness and the static transmission error are
Fig. 9. Time history and relative spectrum at om/on ¼ 1.70; gear data in Tables 1 and 4.

Fig. 10. Phase plane plot at om/on ¼ 1.70; gear data in Tables 1 and 4.
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1.59� 108N/m and 13.54 mm, respectively. Two analyses are carried out with and without manufacturing
errors (Table 4).

Fig. 8 shows that a chaotic vibration appears only when manufacturing errors are included in the model;
there is only an extremely narrow region of chaos in absence of manufacturing errors; conversely, wide chaotic
regions are found in presence of manufacturing errors; this is in agreement with experiments of Ref. [6].
Chaotic regions are alternated with 2 and 6T regions and the route to the chaos is a ‘‘blue sky catastrophe’’
type. A time history is computed for om/on ¼ 1.7021. The response, its spectrum (Fig. 9) and the phase plane
plot (Fig. 10) confirm the chaotic behaviour of the system: intermittency is evidenced, as well as a narrow band
continuous spectrum (which indicates low-dimensional chaos); the phase-space representation shows that a
region is completely filled by the phase trajectory.

6. Conclusions

The nonlinear dynamics of spur gears with manufacturing errors is analysed by means of a one-degree-of-
freedom system that includes time varying stiffness, backlash and profile errors. The stiffness has been
obtained on static basis by means of a finite element analysis, which takes into account the nonlinearity due to
the contact and profile modification such as tip and root relief. A stochastic approach is developed to simulate
manufacturing errors, when only the profile tolerance (K-chart) is known. This technique allows performing
dynamics simulation once design and manufacturing parameters are provided.

The presence of manufacturing errors magnifies the amplitude of vibration and leads to chaotic vibrations
in a wide range of rotation speed when the external torque is small. Chaos is associated to high amplitude of
oscillation and a wide band spectrum response.

The stochastic approach shows that slightly different profile errors, within the same tolerance class, can lead
to differences in terms of amplitude of oscillation that are not negligible. This justifies the use of the stochastic
approach and suggests to carry out several simulations to determine the statistical dynamic behaviour.

The use of measured errors gives more realistic information; however, a large set of gear pairs have to be
measured in order to obtain a full statistical error distribution. Indeed, in the present work it is proved that
using only a single measured set could lead to unreliable prediction of the dynamic behaviour, due to the high
sensitivity of the gear response on profile error variations.
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